This article reports on the development and implementation of a non-proprietary assessment instrument for
Introduction
Quantitative Literacy/Reasoning (QLR) has been in the academic landscape for over two decades. For the latter half of this period, academic institutions across the U.S. have been shifting the focus of introductory/general education math courses toward QLR, emphasizing the quantitative tools that students will need for successful decision making in their personal, professional, and civic lives (Schield 2010 , Gaze 2014 .
While QLR courses and curricula are finding wide dissemination, assessment of QLR in terms of skills of individual students and effectiveness of curricula remains primarily a local activity. There have been publications such as Achieving Quantitative Literacy (Steen 2004) , and the AACU QL VALUE 1 rubric; however, most current assessment efforts are localized to a single campus, a single course, or even a single classroom (Taylor 2009 ). This is due, in part, to difficulties involved with assessing QLR skills (Wiggins 2003 , Steen 2004 , Boersma and Klyve 2013 . Even at locations where QLR tests are implemented for placement purposes, tests are not being used for end-result assessment (Schield 2010) .
Bowdoin College, Colby-Sawyer College, and Wellesley College have existing instruments that provided a starting point for this project. These tests have questions that cover four conceptual areas: number sense, reading and interpreting graphs, basic probability and statistics, and reasoning. Bowdoin and Colby-Sawyer assessment items are in selected-response (multiple-choice) format; the Wellesley College assessment items have an open-ended format. None of these instruments, however, allow for easy comparison across institutions since the instruments have been administered only locally. For example, ColbySawyer College developed and administered its QLR test to freshmen and seniors to assess and evaluate the impact of an NSF-supported QL Across the Curriculum initiative. At the end of the four-year evaluation process, the lack of national data on student QLR abilities left the Colby-Sawyer community to wonder about the level of impact of the initiative (Steele and Kilic-Bahi 2010) . This dilemma is not new, nor is it restricted to Colby-Sawyer. The Director of the National Science Foundation expressed it succinctly when she stated:
"We do not really know if we are making progress [since] ...we do not have genuine benchmarks for what constitutes quantitative literacy." (Rita Carwell quoted in Steen 2004, p. 57) The sentiment was echoed in 2008 in a paper in the American Mathematical Monthly which again stressed that most of these internal assessment tools have no national norms to compare to and the actual construct of "quantitatively literate" remains undeveloped (Bookman et al. 2008 ).
Purpose, Goals, and the QLR Construct
The QLR project described here aims to develop a valid and reliable test of QLR skills. In particular, the goals set forth in this NSF-supported project 2 were to design a QLR instrument that:
1. is non-proprietary, 2. provides a baseline of national QLR-scores from a variety of educational environments, 3. is reliable, and 4. has content validity.
We will start with the content validity piece, because the analysis of results to follow is meaningful only in the context of the construct we are attempting to measure. If the QLR construct is indeed "undeveloped" then how can we claim content validity? First and foremost is the experience of the QLRA project team. We have been teaching QLR courses, developing and authoring QLR curriculum materials, and assessing QLR skills for more than a decade. ECG is Director of the QR Center at Bowdoin College, past executive officer of the SIGMAA-QL 3 and current president of the NNN. 4 It is interesting to note that cognitive psychologists have a similar definition for numeracy:
A well-established and highly studied construct, numeracy encompasses not just mathematical ability but also a disposition to engage quantitative information in a reflective and systematic way and use it to support valid inferences. (Kahan et al. 2013) Cognitive psychologists have been able to show that numeracy, the ability to use and understand numbers, is an effective scale for predicting behavior and decision making. In addition, cognitive reflection tests (CRT), which reflect one's ability to think beyond the first answer that comes to mind, have been shown to measure a different construct from numeracy (Liberali et al. 2012) . Cognitive psychologists' dimensions of numeracy include quantitative skills along with deeper reasoning related to proportionality, matching, and relative magnitude. The QLRA project team members are not experts in assessment or cognitive processes, but are experts in pedagogy related to teaching QLR and have created the QLRA questions from this educational perspective. It is interesting that in comparing the QLRA questions to the numeracy scales and CRT of the cognitive psychologists we noted that the QLRA seems to be a combination of the two. We offer this observation merely to orient the QLRA relative to existing assessment scales and tasks. Our observation suggests an intriguing hypothesis for further study, but this paper aims simply to report the results from piloting the QLRA over two years.
The development of the QLRA is tied most closely to the Bowdoin test (13 out of the 23 questions in 2012). ECG had been refining the Bowdoin 30-question test over a three-year period as part of a joint project with Bates College funded by the Teagle Foundation.
6 There were several fundamental insights obtained from that project:
• Replace procedural, algorithmic questions with more involved reasoning, critical thinking questions.
• Ask students to interpret tables and charts rather than doing it for them.
• Focus on quantitative literacy, using numbers in meaningful sentences rather than just computation. • Ask students to postulate possible explanations for statistics rather than traditional logic games.
Content validity of the QLRA is also related to analyses carried out at Bowdoin as detailed below in the Discussion section. The Bowdoin test is highly correlated with both cumulative GPA and math/science GPA, even when controlling for other factors using multivariate regression. The correlation indicates the Bowdoin test is more than just a "math skills" test, compared to the math SAT which is not as highly correlated with cumulative GPA. Moreover, ECG has conducted pre-and post-course testing using the Bowdoin test in his QR course and has consistently seen his class improve one standard deviation, indicating that intentional teaching can improve QLR abilities.
7 These results raise the natural question of why not just use the Bowdoin test? To begin, we wanted this to be a collaborative project involving multiple institutions from the higher education spectrum: two-year colleges, public universities, and private liberal arts colleges. Given the selective admission at Bowdoin College and the wide range of schools the QLRA is intended to serve, concerns about a floor effect required that the Bowdoin test be adjusted with input from two-year schools and non-selective four-year schools. In addition, we needed to shorten the test so that it could be administered in class; this was especially important for community colleges.
The other three goals of the QLRA project are to create a non-proprietary, reliable test that would establish a national baseline of QLR abilities across the nation's higher education spectrum. Non-proprietary was again important in order to get the most buy-in, especially from public two-and four-year institutions. Reliability was measured for internal consistency using Cronbach's alpha, and also measured by comparing results across the two years of the pilot project and across institution types. The national baseline of QLR abilities will provide institutions with a reference point for their assessment efforts.
Potential purposes for the QLRA include:
• Advising students for course selection or placement into courses.
• Assessing QLR skills per se • Evaluating courses and QLR curriculum initiatives • Assessing summative outcomes including graduating students' QLR abilities.
7
. Faculty in other disciplines have not conducted such pre-post testing so no comparisons are available Overarching all of these is the hope to advance the methodology for measuring the construct of QLR.
Method
In spring 2012, the Quantitative Literacy and Reasoning Assessment (QLRA) was administered at 10 different institutions including community colleges, small liberal arts colleges, and large public universities. Students were recruited in a variety of ways that differed across institutions thus not allowing for a true random sample experimental design. Even though extra credit was the most commonly employed incentive (35%), monetary incentives ($10, $15, and $20 gift cards) were also used. The QLRA was administered in two modalities, a computer-based format and a paper-and-pencil format. The computer-based format was administered through online course-management systems such as Moodle or Blackboard. The use of calculators was allowed in all testing sites, but calculators were not provided at all sites. Test takers were either given 50-60 minutes to complete the test or allowed unlimited time depending on local scheduling opportunities. In general, most students seemed to finish within 30 to 45 minutes. It is important to point out the challenges faced in recruitment and the decision to allow for non-uniform testing procedures. Getting schools to participate was difficult as was incentivizing the student participants. Community colleges had trouble getting clearance for incentive money. Faculty had difficulty getting participants even with incentives, which resulted in the test being administered in math classes. The QLRA project team wanted to pilot the instrument in as many diverse institutions as possible, and so allowances were made for disparate testing procedures. What we lacked in rigorous experimental design we made up for in participation rates. This trade-off has paid off, as word has spread about the test. In 2013, the QLRA online test site was completed as part of our website, 8 and already over 25 new schools are using the online platform in spring 2014, including many pre/post assessments. The online platform in particular will guarantee a uniform testing procedure.
In the summer of 2012, the QLRA project team refined the QLRA based on the pilot administration. Three problems with low item-total correlations were eliminated. One question was moved earlier in the test to determine if test fatigue explained the low score on the item. Other questions went through some minor changes in wording or presentation based on an analysis of student responses. Also, survey questions were added to the QLRA to better identify the demographics of the test subjects allowing data to be disaggregated based on gender, race, ethnicity, previous math courses taken, and year in school. This paper examines the results of the administration of the QLRA in both 2012 and 2013. The revised QLRA was administered in spring of 2013 at 11 different institutions including community colleges, small liberal arts colleges, and large public universities.
Factor analyses and item analyses were conducted to assess the internal consistency (Cronbach's alpha) and inter-item reliability. Post-hoc statistical tests were also used to determine whether gender or institution type affected student scores. In addition, tests were performed to determine the effect of converting
Wellesley's open-ended questions to the multiple-choice format.
Subjects
In 2012, data were collected from 1,659 students and 10 institutions, and in 2013 data were collected from 2,173 students and 11 institutions. For 2014 we have over 25 new schools signed on to use the test and share results. Even though a standardized test administration protocol helped to reduce the variability in test administration, the use of the protocol was optional which means that crossschool differences may be the result of differences in recruiting practices or testing environment and not in student ability. Not all institutions provided demographic data.
The dataset was disaggregated by school type, sex, and, for the 2013 administration, graduation year ( Table 1 ). Note that the datasets for sex and expected graduation date are smaller than the entire dataset because not all participants provided demographic information. Graduation year rather than class year was used as two-year schools do not have comparable class years.
Conceptual Areas
Prior to administering the test, the 23 items on the 2012 test were divided into four subscales: Number Sense (NS), Visual Representation (VR), Probability and Statistics (PS), and Reasoning (R). Analysis of these areas did not reveal anything worth pursuing in this project.
Results

Descriptive Statistics
Overall results for the two administrations are given in Table 2 with histograms presented in Figure 1 . Scores are provided as percentages in order to ease comparison between the 2012 results (23 questions) and the 2013 results (20 questions). A Kolmogorov-Smirnov test for normality was conducted with the results presented in Table 3 . The test in both cases required the rejection of the null hypothesis (p < .001) and so normality of the data cannot be assumed. Note that the x-axis in the histogram is number of questions correct, not percent correct, to emphasize the different nature of the two tests. You can see the impact of more non-selective school participants in 2013 pulling the mean down. Figure 1 . Histograms of QLRA scores by year and institution type. Key (institution type): S, four-year selective; NS, four-year non-selective; CC, community college. Note that the x-axis is number of questions correct rather than percentage correct because of the difference in the number of questions in the two tests. By inspection, the difference in the 2012 and 2013 distribution of results is associated with the increase in the proportion of the participants that were from NS institutions (see Tables 1 and 2) . 
Reliability
Overall reliability was tested using Cronbach's alpha, a statistic between 0 and 1 that increases as the inter-correlations of items increase. Thus it is a measure of the internal consistency or reliability that all items are measuring the same underlying construct. 
Item Difficulty and Distractors
Student success on each individual item was measured as the percentage of students who answered the problem correctly (Table 4 ). In 2012, values ranged from 26.8% to 86.5%, and, in 2013, they ranged from 24.8% to 73.2%.
Distractor analyses were performed on data from sites that returned itemspecific information. This information was missing for approximately 12% of participants in 2012 and approximately 32% of participants in 2013; thus we had sufficient data for 1460 subjects in 2012 and 1478 subjects in 2013. The 2012 distractor analysis shows that the most-popular responses align with the correct answer in all but three questions (Questions 12, 17, and 22) . The 2013 distractor analysis shows that the most-popular responses align with the correct answer except for the same three questions and question #1 (Questions 1, 12, 16 and 20) . Questions where a distractor was the most-popular response are marked with an asterisk in Table 4 , which shows the percentage of all subjects (not just those for whom item information was available) who selected the correct answer and the percentage of all subjects who selected the most-popular distractor (for whom information was available). 
Exploratory Factor Analysis
The dimensionality of the 20 items on the 2013 QLRA was analyzed using maximum likelihood factor analysis. A scree test was conducted (Fig. 2) and indicated that the test was one-dimensional. Principal component analysis indicated that more than 28.132% of the variance could be accounted for from the first factor while the second factor accounted for only 5.873% of the variance. A similar factor analysis in for 2012 indicated the test was a unidimensional measure. Using Item Response Theory (IRT), a further analysis was conducted on the 2012 data, and they fit a 3-PL model (difficulty, discrimination, and guessing parameters). Regarding difficulty, the point on the ability scale where the examinee has a 0.5 probability of correctly answering is designated as b, which is also known as the item difficulty parameter. That is, if an item has a b-parameter of 1.2, it means that an examinee with an ability estimate of 1.2 has a 50% chance of answering that question correctly. The range of b-parameters is on a continuum of -4 to 4, but it is most likely to see values in the range of -2 to 2.
Item discrimination is described by the a-parameter. Also known as the slope, the a-value indicates how discriminating the item is. Therefore, an item with a high a-parameter should be difficult for low-ability examinees and easy for highability examinees.
To take into account performance at the lower end of the ability spectrum, the c-parameter is added into the model. This is sometimes referred to as the "guessing parameter"; however, the c-value is usually slightly higher than the probability of randomly guessing the answer (because examinees usually rule out one or more options before choosing an answer). The values for this parameter should fall in the 0.15 to 0.25 range for questions with five response options.
For the QLRA, the average parameter values across all 23 items were = 1.027; = −0.135; and = 0.135. Therefore, the items were, on average, discriminating and relatively easy.
Disaggregation
Data were disaggregated by institution type and gender for both years, and data were also disaggregated for expected graduation for 2013. Levene's statistic was computed with the following results: for 2012, Levene's statistic = 8.12 (1649); for 2013, Levene's statistic = 6.718 (1741). As a result, the null hypothesis of homogeneity of variance was rejected.
Disaggregated results by institution type are presented in Table 5 . For the 2012 data, differences between institution types were found to be significant, = 1.88.494 (1656), < .001 . For the 2013 data, differences between institution types were found to be significant, = 481.863 (2169), < .0005. Post-hoc testing used Tamhane's T2 statistics which indicated significant difference between each pair of institution types with < .0005. Data were disaggregated by gender for both years and are presented in Table  6 , although not all participants reported their gender. A Mann-Whitney U test was used to determine if differences in test scores were significant. For 2012, the test indicated significance, = −4.211, < .001 ; for 2013, the test indicated significance, = −7.693, < .005. Data were disaggregated by modality, Computer Based (CB) or Paper and Pencil (PP), and are presented in Table 7 and Table A3 in the Appendix.
Analyses of Attitude Survey Items
The following five survey items were included at the end of the 2013 instrument.
(1=Strongly Disagree, 5=Strongly Agree)
1. Numerical information is very useful in everyday life. 2. Numbers are not necessary for most situations. 3. Quantitative information is vital for accurate decisions. 4. Understanding numbers is as important in daily life as reading and writing. 5. It is a waste of time to learn information containing a lot of numbers.
Items #2 and #5 were reverse-scored so that high scores indicate high agreement that quantitative literacy and numeracy are important. The five attitude-survey items could function as a scale: Cronbach's alpha computed to .75, which is above the acceptable recommended value of .60 (IAR 2007) 9 . Means for each item and the total score are presented in Table 9 , along with correlations to QLRA total score. For the overall group, the correlation between the two scores is = 0.37 . According to Cohen (1988) , this value represents a medium-large effect size, indicating that attitude about QL does seem to relate to QLRA test score.
9 https://www.utexas.edu/academic/ctl/assessment/iar/students/report/itemanalysis.php The open-ended questions on the Wellesley QLR test were graded dichotomously (either correct or incorrect) with no partial credit. The percentages of students who correctly answered the questions are included in Table 10 .
Discussion
Substantial progress has been made on all four goals set forth in the Introduction. Institutions of various types can now assess their students using this nonproprietary instrument knowing that national comparisons are possible. Overall, the instrument is of sound quality. The content validity has been refined through the two pilot processes. The value of Cronbach's alpha (0.866 in 2012 and 0.862 in 2013) is an indication of very good reliability (DeVellis, 1991) . This judgment is also supported by the values presented in Tables A1 and A2 where the itemtotal correlations exceed 0.20 for all items (IAR 2007) . Thus reliability is high, item-total correlations and correlations among items are consistent with quality instrumentation, and item difficulties are within an appropriate range. Distractor analysis revealed that, for all but three items, the correct answer was chosen the most frequently. Lack of normality for the sample may be an indication of the wide variety of participating institutions, as well as variations in recruiting methods. This lack of randomized stratified sampling leads to difficulty in interpretation of the statistics. Each of the three institution types has a mean that is statistically different than that of the other two institution types. This result is not surprising, as QLR (Table 10 ) provides evidence that Q1 and Q10 are slightly easier as open-ended questions because there are no distractors to mislead students and the calculations are rather simple. Q8, a tax question, is far more complex, and our results seem to show that for more-complex problems -those where the table is harder to read and where there are more challenges in doing the calculations correctly -having a correct answer to choose from is easier than deriving that answer on one's own. Additionally, on the Wellesley College assessment, students are not permitted calculators, whereas they were allowed to use calculators on the QLRA. Also, for the QLRA, the Wellesley students had low stakes, whereas they were seriously invested in doing well on the Wellesley College assessment. The distractors, stakes, and use of calculators might all explain why students did better on the Wellesley College assessment for the simpler problems (although this discrepancy disappeared in the 2013 administration), but not as well on the harder, more calculation-intensive problem.
Comparison with Bowdoin's QLR Test
The significant overlap between the QLRA and Bowdoin's test provides further evidence of the soundness and validity of the QLRA. Bowdoin has conducted an extensive analysis of correlation between the score a student obtains on its test (the Q-score) and the student's academic performance. At Bowdoin, the Q-score is one of the best predictors of academic success. A student's Q-score is strongly correlated with the student's cumulative GPA (r = 0.39, N = 3,002 students from last 6 years), and MCSR GPA (r = 0.48) where MCSR represents Mathematical/Computational/Statistical Reasoning courses at Bowdoin. Also a student's Q-score is more strongly correlated (r = 0.48) with the student's first year cumulative GPA, again making the case for paying attention to this score in first-year advising and course selection. A multivariate analysis has also been conducted on Bowdoin's QLR test data. Multivariate regression allows one to control for multiple explanatory influences simultaneously. The first key result is that the models indicate that the Q-score is significantly predictive of Cumulative GPA and MCSR GPA even when controlling for a variety of other potential influences. This finding provides evidence that the associations indicated by the simpler bivariate correlations are likely to hold legitimate predictive power regarding future academic performance. Importantly, the models include Math and Verbal SAT/ACT scores among the explanatory variables. Thus, two entering students with identical Math and Verbal SAT scores, but different Q-scores, are predicted to have different GPAs. This finding suggests that there is additional information in the Q-score beyond that of the aptitude test scores and that the additional information would be of value for assessing future academic performance at Bowdoin. The fact that Qscore is at the high end of the range for both sets of coefficients (for cumulative and MCSR GPA) indicates the potential power of the Q-score to predict academic success across the curriculum, not just in MCSR courses.
In particular, see Table  11 for the coefficients from the multivariate regression model for both cumulative GPA and Math/Science (MCSR) GPA.
11 These coefficients indicate the predicted difference in GPA associated with a 10-percentage point increase in the respective aptitude test, with all other variables in the model held constant. Note that the verbal SAT score is the best predictor of cumulative GPA as might be expected, but Q-score is close behind. Math SAT is the best predictor for MCSR GPA, but again Q-score is close behind. Thus the QR test is measuring more than just quantitative skills but seems to be capturing deeper critical thinking skills. Table  12 shows how to interpret these coefficients for a 50-percentage point Q-score difference holding all other variables constant.
11 r 2 = 0.30 for Cum GPA and r 2 = 0.36 for MCSR GPA. ECG has been using the Bowdoin QR exam for pre-and post-course testing in his QR class and has been able to improve students' Q-scores by approximately one standard deviation (Table 13) . 
Refinements
In the summer of 2013, the QLRA project team continued to refine the test by adjusting the wording on some problems based on the spring 2013 results. The attitude-survey questions were moved to the beginning of the test, both to ensure that they would be answered and, hopefully, to inspire students to do their best on the exam. The three questions for which the most-frequent response was not the correct response were reworded in an attempt to reduce student confusion.
In the future, we will continue to fine-tune the wording and presentation of the tables and graphs that go with the questions as needed, and we will focus on extending the problem pool while retaining the reliability of the test. Now that the test is being mandated at some institutions, the need to recruit participants through incentives has been greatly reduced. This should allow for more standardized testing environments across schools which will improve the quality of the baseline data.
Conclusion
We believe that the QLRA is a valid measure of Quantitative Literacy/Reasoning given its construction by practicing experts in the field of QR, its internal consistency, item coding of questions, and associated correlation to Bowdoin's math/science and cumulative GPA. Reliability has been demonstrated by consistency over two years of pilot data and across multiple institutions with different student demographics. Intentional teaching in a QR course has been shown to improve student performance using pre-post testing; indicating relevance of such curriculum to improving academic performance of students. Further research relating the QLRA to Numeracy tests and Cognitive Reflection Tests from the field of Cognitive Science is warranted. The QLRA is a simple, easy-to-use tool, providing powerful data for student advising and placement in courses. 
